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Abstract 

The operators on Lp = Lp[0, 1], 1 < p < oo, which are not commutators are those of the form AI + S where A 
and S belongs to the largest ideal in £.{Lp). The proof involves new structural results for operators on Lp which are 
of independent interest. 

1 Introduction 



When studying derivations on a general Banach algebra a natural problem that arises is to classify the commutators 
in the algebra; i.e., elements of the form AB - BA. The problem as stated is hard to tackle on general Banach algebras. 
The only known obstruction was proved in 1947 by Wintner([13|). He proved that the identity in a unital Banach 
algebra is not a commutator, which immediately implies that no operator of the form AI + K, where K belongs to a 
norm closed (proper) ideal I of J\ and /I 0, is a commutator in the Banach algebra J[. On the other hand, there 
seems to be no general conditions for checking whether an element of a Banach algebra is a commutator 

The situation changes if instead of an arbitrary Banach algebra we consider the algebra £.{?() of all bounded linear 
operators on the Banach space X. In this setting, one hopes that the underlying structure of the space X will provide 
enough information about the operators on X to allow one to attack the problem successfully. Indeed, this is the case 
provided the space X has some "nice" properties. The first complete classification of the commutators in HiX) was 
given in 1965 by Brown and Pearcy (Q) for the case X - lo- They proved that the only operators in £.{(2) that are 
not commutators have the form AI + K, where K is compact and A Q. In 1972, Apostol proved in [JJ that the same 
classification holds for the commutators on ip, \ < p < 00, and one year later, he proved that the same classification 
holds in the case of X - cq ([2 |). Apostol had some partial results in [1] and [2] about special classes of operators on 
{\, €co, and C([0, 1]), but he was unable to obtain a complete classification of the commutators on any of those spaces. 
A year before Apostol's results, Schneeberger proved that the compact operators on Lp, 1 </?< 00, are commutators 
but, as it will become apparent later, one needs a stronger result in order to classify the commutators on these spaces. 



All of the aforementioned spaces have one common property; namely, \f X - (p, I < p < 00, or X - cq then 
X ^ {Yi X)p (p = if X = Co). It turns out that this property plays an important role for proving the classification of 
the commutators on other spaces. Thirty five years after Apostol's result, the first author obtained in f?! a complete 

+AMS Classitication: 47B47. 46E30 

* Young Investigator, NSF Workshop in Analysis and Probability, Texas A&M University 
^Supported in part by NSF DMS-1001321 and U.S. -Israel Binational Science Foundation 

'Supported in part by U.S. -Israel Binational Science Foundation. Participant NSF Workshop in Analysis and Probability, Texas A&M University 



1 



classification of the commutators on £[, which, as one may expect, is the same as the classification of the commutators 
on {2- A common feature of all the spaces X - ip, 1 < p < 00 and X = cqis that the ideal of compact operators '7C(A') 
on X is the largest non-trivial ideal in X.(X). The situation for X - £00 i& different. Recall that an operator T : <Y — > J/ 
is strictly singular provided the restriction of T to any infinite dimensional subspace of X is not an isomorphism. On 
(p, 1 < 75 < 00, and on Cg, every strictly singular operators is compact, but on £.{(00), the ideal of strictly singular 
operators contains non-compact operators (and, incidentally, agrees with the ideal of weakly compact operators). In 
-C(^oo), the ideal of strictly singular operators is the largest ideal, and it was proved in that all operators on loo that 
are not commutators have the form AI + S , where A i^Q and S is strictly singular 

The classification of the commutators ontp, I < p < 00, and on cq, as well as partial results on other spaces, suggest 
the following: 

Conjecture 1. Let X be a Banach space such that ^ — ( 2 <^)p> 1 < p < °° or p = (we say that such a space admits 
a Pelczynski decomposition). Assume that £.{?() has a largest ideal M. Then every non-commutator on X has the form 
AI + K, where K e M. and Ai^Q. 

Here and elsewhere in this paper, when we refer to an ideal of operators we always mean a non-trivial, norm closed, 
two sided ideal. This conjecture is stated in {5\. To verify Conjecture[T]for a given Banach space X, one must prove 
two steps; 

Step 1. Every operator T e AI is a commutator 

Step 2. If r € JXX) is not of the form AI + K, where K e M and A i^Q, then T is a commutator. 

The methods for proving Step 1 in most cases where the complete classification of the commutators on the space X 
is known are based on the fact that if T e AI then for every subspace Y Q X, Y ^ X and every e > there exists a 
complemented subspace Y\ QY,Y\ ^ Y such that ||r|y, || < £. Let us just mention that this fact is fairly easy to see if T 
is a compact operator on cq or ^p, 1 < p < oo{\^ Lemma 9], see also [JJ). (Throughout this work, Y ^ X means that X 
and Y are isomorphic; i.e., linearly homeomorphic; while Y = X means that the spaces are isometrically isomorphic.) 

Showing the second step is usually more difficult than showing Step 1. In most cases for which we have a complete 
characterization of the commutators on X, we use the following theorem, which is an immediate consequence of 
Theorem 3.2 and Theorem 3.3 in ||5]. 

Theorem 1.1. Let X be a Banach space such that X ^ {Yt ^)p> 1 < p < or p — Q. Let T e JXX) be such that there 
exists a subspace X (Z X such that X ^ X, T\x is an isomorphism, X + T(X) is complemented in X, and d{X, T(X)) > 0. 
Then T is a commutator 

In the previous theorem the distance is defined as the distance from Y to the unit sphere of X. The basic idea is to 
prove that if T € £.{X) is not of the form AI + K, where K e M and A 0, then T satisfies the assumptions of Theorem 
ILll and hence T is a commutator. This is not obvious even for the classical sequence spaces cq and ip, 1 < p < 00, but 
it suggests what one may try to prove for other classical Banach spaces in order to obtain a complete characterization 
of the commutators on those spaces. 

Following the ideas in |5 1, for a given Banach space X we define the set 

M,x^{T e J:(?0 ■ Ix does not factor through T]. (1) 

(We say that S e X(A') factors trough T e £(X) if there are A, B € X(A') such that S = ATB.) As noted in 0, this set 
comes naturally from the investigation of the structure of the commutators on several classical Banach spaces. In the 
cases of X = £p, I < p < 00, and X = cq, the set Mx is the largest ideal in J1{X) (observe that if Mx is an ideal then it 
is the largest ideal in X.{X) and Mx is an ideal if and only if it is closed under addition). It is also known that Mx is 
the largest ideal for X = Lp, 1 < < 00, which we discuss later. 

In some special cases of finite sums of Banach spaces we know that the classification of the commutators on the sum 
depends only on the classification of the commutators on each summand. In particular, this is the case with the space 
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tpi ®ip^®---® (p„ where the first two authors proved in ||5] that all non-commutators on £p,®{p^®---® tp^^ have the 
form AI + K where Ai^Q and K belongs to some ideal in X(^/7, ffi ® ' " ' ® ^p,,)- 

In this paper we always denote Lp - Lp{{Q, 1 where ju is the Lebesgue measure. Our main structural results are: 

Theorem 1.2. Let T e Jl(Lp), 1 <p<2.IfT — AIi Mip for all A e C then there exists a subspace X <z Lp such that 
X ^ Lp, T\x is an isomorphism, X + T(X) is complemented in Lp, and d{X, T(X)) > 0. 

Theorem 1.3. Let T e Jl{Lp), 1 < p < 2. If T e Ml^, then for every Y c Lp, Y ^ Lp, there exists a subspace X c Y 
such that X is complemented in Lp, X ^ Lp, and T\x is a compact operator 

Notice that Theorem 11.31 implies that for 1 < p < 2, Ml, is closed under addition and hence is the largest ideal in 
-LiLp). It follows by duality that for 2 < < oo, Ml, is closed under addition as well and hence is the largest ideal in 
■£.{Lp). This duality argument is needed because Theorem II. 3 1 is false for p > 2. To see that Theorem 1 1.3 1 is false for 
p > 2 one can consider T = JIp 2 where 7^ 2 is the identity from Lp into L2 and J is an isometric embedding from L2 
into Lp. 

In order to prove Theorem 11.2 1 for 1 < p < 2, it was necessary to improve |[8] Proposition 9.11] for the spaces Lp, 
I < p <2, and the improvement is of independent interest. In Theorem l3.4l we show that for a natural equivalent norm 
on Lp, 1 < p < 2, if r is an operator on Lp which is an isomorphism on a copy of Lp, then some multiple of T is 
almost an isometry on an isometric copy of Lp. The proof of Theorem |3.4| which can be read independently from the 
rest of this paper, is the most difficult argument in this paper and we will postpone it till the Appendix. 

Using Theorem 1 1.2 1 and Theorem 1 1.3 1 it is easy to show that Conjecture [1] also holds for Lp, 1 < p < 2. It follows by 
duality that Conjecture[T]also holds for Lp, 2 < p < 00. 

Theorem 1.4. Let M be the largest ideal in X,(Lp), I < p < oa. An operator T e £,(Lp) is a commutator if and only if 
T -AI i Mfor any A ^ 0. 

Proof. As we already mention, we only need to consider the case I < p < 2 and the case 2 < p < 00 will follow by a 
duality argument. 

If r is a commutator, from the remarks we made in the introduction it follows that T - AI cannot be in M for any 
A 0. For proving the other direction we have to consider two cases: 

Case I.lfTeMiA- 0), we first apply Theorem 1 1.3 1 to obtain a complemented subspace X <z Lp such that T\x is a 
compact operator and then apply [4 Corollary 12] which gives us the desired result. 

Case II. If T - AI i M for any /I e C we are in position to apply Theorem 1 1.21 which combined with Theorem ll.il 
imply that T is a commutator □ 

The rest of this paper is devoted to the proofs of Theorems |1.2| and |1.3l We consider the case Li separately since some 
of the ideas and methods used in this case are quite different from those used for the case Lp, 1 < /? < 00. 



2 Notation and basic results 



Throughout this manuscript, if is a Banach space and X c X is complemented, by Px we denote a projection from 
?( onto X. For any two subspaces (possibly not closed) X and F of a Banach space X let 

d(X,Y)^mmx-y\\-xeSx,yeY]. 

A well known consequence of the open mapping theorem is that for any two closed subspaces X and Y of ZAfXnY - 
{0} then X + y is a closed subspace of Z if and only if d{X, Y) > 0. Note also that 2d(X, Y) >d( Y,X)> 1 /2d(X, Y), 
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thus d{X, Y) and d(Y,X) are equivalent up to a constant factor of 2. The following proposition was proved in |I5] and 
will allow us later to consider only isomorphisms instead of arbitrary operators on Lp. 



Proposition 2.1 (|5, Proposition 2.1]). Let X be a Banach space and T € £XX) be such that there exists a subspace 
Y c X for which T is an isomorphism on Y and d(Y, TY) > 0. Then for every A e C, (T — AI)\y is an isomorphism and 
d(Y, (T - A[)Y) > 0. 



We will also need a result similar to Proposition 12.1] where instead of adding a multiple of the identity we want to 
add an arbitrary operator Obviously that cannot be done in general, but if we assume that the operator we add has a 
sufficiently small norm we can derive the desired conclusion. 

Proposition 2.2. Let T e JliX) and let Y <z X be such that T is an isomorphism on Y, Y ^ X, d{Y, TY) > 0, and 
Y + TY is a complemented subspace of X isomorphic to X. Then there exists an s > 0, depending only on d{Y, TY), 
the norm of the projection onto Y + TY, and \\T^^ \\ such that if K e X(A') satisfies \\K\y\\ < s then d{Y, (T + K)Y) > 
and Y + (T + K)Y is a complemented subspace of X isomorphic to X. 

Proof. First we show that if e is sufficiently small then d{Y, {T + K)Y) > 0, provided \\K\\ < s. As in f5^, Proposition 
2. 1], we have to show that there exists a constant c > such that for all y e 5 y, d{{T + K)y, Y) > c. From d(TY, F) > 
it follows that there exists a constant C, such that for all y € 5 y, d{Ty, Y) > C. If WK^yW < j then 



for all z 6 F hence d((T + K)Y, Y) > 0. 

Let P be the projection onto Y + TY. To show that Y + (T + K)Y is complemented in X we first define an isomorphism 
S : Y + TY ^ Y + (T + K)Y by S (y + Tz) ^ y + (T + K)z for every y, z e 7. From the definition of S we have that 



3 Operators on Lp, I < p < oo 



Recall (see ([T]l in the Introduction) that if is a Banach space, Mx - {T & -C{X) : does not factor through T], 
then T i Mx if and only if there exists a subspace X of so that T^x is an isomorphism, TX is complemented in X, 
and TX ^ X. 

As we have akeady mentioned in the Introduction, the set Aix is the largest ideal in X.iX) if and only if it is closed 
under addition. Using the fact that if p = 1 then Ml, coincides with the ideal of non-E operators, defined in |l6], and 
if 1 < /:> < oo then Ml^ coincides with the ideal of non-A operators, defined in it is clear that Aix is in fact the 
largest ideal in those spaces. This fast, as we already mentioned, follows from Theorem 1 1.3 1 as well. For more detailed 
discussion of the E and A operators we refer the reader to [0 and [|8] Section 9] and let us also mention that we are not 
going to use any of the properties of the £ or A operators and so do not repeat their definitions here. 

In this section we mainly consider operators T : Lp Lp, I < p < oo, that preserve a complemented copy of Lp, 
that is, there exists a complemented subspace X c Lp, X ^ Lp such that T^x is an isomorphism. The fact that we can 
automatically take a complemented subspace isomorphic to Lp instead of just a subspace isomorphic to Lp follows 
from |8 , Theorem 9.1] in the case p > 1 and 1 12, Theorem 1.1] in the case p - I. From the definition of Mx it is easy 
to see that T i Ml,, if and only if T maps a copy of Lp isomorphiclly onto a complemented copy of Lp. 

Also, recall that an operator T : ^ — » J/ is called Z-strictly singular provided the restriction of T to any subspace of 
X, isomorphic to Z, is not an isomorphism. From the remarks above, it is clear that the class of operators from Lp to 



+ K)y - z\\ > \\Ty - z\\ - \\Ky\\ > diTy, Y) - -> - 




), hence if is small enough the operator 7? - SP + / - P is an 
fTJ ' is a projection onto y + (r + Ar)y. □ 
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Lp that do not preserve a complemented copy of Lp coincides with the class of L^-strictly singular operators, hence 
the class of L^-strictly singular operators is the largest ideal in JLiLp). 

Definition 3.1. The sequence of functions {/io,o} U {hn,iY^=o ?=i defined by hoo{t) = 1 and, for n = 0, 1, . . . and i = 
1,2,..., 2", 

M ifte ((2i - 2)2-("+i>, (2/ - l)2-(«+i>) 
hnjit) = ] -1 ifte ((2i - l)2-(«+i),2/2-(«+i>) 
\ otherwise 

is called the Haar system on [0, 1]. 



The Haar system, in its natural order, is an unconditional monotone basis of Lp[Q, 1] for every \ < p < oo (cf. IfTOl 
p. 3, p. 19]) and we denote by Cp the unconditional basis constant of the Haar system. As usual, by {r„Y^^Q we denote 
the Rademacher sequence on [0, 1], defined by r„ = hn,i- 

Definition 3.2. Let {J^;!^] be an unconditional basis for Lp. For x — Yj'iLi <^i^i> the square function of x with respect to 
{jc/jj^j is defined by 



Six)^ 



The following proposition is well known. We include its proof here for completeness. 

Proposition 3.3. Let {fl/}^i be a block basis of the Haar basis for Lp, I < p < oo, such that A — span{fl, : / = 1,2,...} 

is a complemented subspace ofLp via a projection P. Then there exists a projection onto A that respects supports with 
respect to the Haar basis and whose norm depends on p and \ \P\\ only. 



Proof. Define cr, = {(k, I) : h^j e supp(fl,)), where the support is taken with respect to the Haar basis, and denote 
Xi = spmi{hkj : {k, I) 6 cr,}. It is clear that all spaces X, are Cp complemented in Lp, via the natural projections P,, 
as a span of subsequence of the Haar basis. Consider the operator Pa = 2; P/PPi- Provided it is bounded, it is easy 
to check that Pa is a projection onto A that respect supports. In order to show that Pa is bounded consider the formal 
sum 

P-Yj^'^^j- 

U 

A simple computation shows that 

\\Pa\\ = l|E 2 e^ajPiPPjll < E|| ^ siSjPiPPjW < C^yPH, (2) 

where e, is a Rademacher sequence on [0, 1], which finishes the proof. □ 



The following theorem is the main result of this section. We will postpone its proof till the end since the ideas for 
proving it deviate from the general ideas of this section and the proof as well as the result are of independent interest. 
Recall [12] that an operator T on Lp, 1 < p < oo, is called a sign embedding provided there is a set S of positive 
measure and (5 > so that ||r/|| > 6 whenever J fdjj - and |/| - Is almost everywhere. 

Tlieorem 3.4. For each I < p < 2 there is a constant Kp such that ifT is a sign embedding operator from Lp[0, 1] 
into Lp[0, 1] ( and in particular if it is an isomorphism ), then there is a Kp complemented subspace XofLp[0, 1] which 
is Kp-isomorphic to Lp[0, 1] and such that some multiple ofT\x is a Kp-isomorphism and T(X) is Kp complemented in 
Lp. 

Moreover, if we consider Lp[0, 1] with the norm \\\x\\\p — \\S(x)\\p (with S being the square function with respect to the 
Haar system) then, for each e > 0, there is a subspace X ofLp[0, 1] which is (1 + e)-isomorphic to Lp[Q, 1] and such 
that some multiple ofT\x is a {\ + e)-isomorphism (andX and T(X) are Kp complemented in Lp). 
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Remark 3.5. Note that Theorem \3.4\ is also true for p — 1. This result follows from M2\ Theorem 1.2], where it is 
shown that ifT E £XL\) preserves a copy ofL\ then given e > Q,X can be chosen isometric to L\ so that some multiple 
ofT\x is I + s isomorphism. Having that remark in mind, sometimes we may use Theorem \3.4\f or the case p — \ as 
well. 



Before we continue our study of the operators on Lp that preserve a copy of Lp we prove Theorem 1 1.3 1 in the case of 
Lp, 1 < p <2. For this we need two lemmas for non sign embeddings and Lp-strictly singular operators on Lp that we 
use both in the next section and later on. 



3.1 Lp - strictly singular operators 

Lemma l376l was proved in [12] for the case p = 1, and basically the same proof works for general p, 1 < p < oo. 

Lemma 3.6. Let T : Lp ^ Lp, 1 < p < oo be a non sign embedding operator Then for all subsets 5 c R with positive 
measure there exists a subspace X C Lp(S) of Lp, X = Lp, such that T\x is compact. 



Proof. We can choose by induction sets A/ in S such that Ai = 5, A„ - A2„ UA2„+i, A2„ nA2„+i = 0, //(A2„) - -ju(A„), 

and ||rx„|| < j- where x„ - In order to do that assume that we have Ai, A2, . . . , A^ where k is an 

odd number and let n - Since T is not a sign embedding, there exists y„ such that J y„ - 0, \y„\ - 1a„, and 

\\Tyn\\ ^ T§n-fJ-(An)'i' ■ Then set x„ - — A2,, - {x : x„(x) - 1}, and A2„+i = {x : Xn(x) - -1}. It is not hard to see 

that (xi)°li is isometrically equivalent to the usual sequence of Haar functions and hence X — span{xi} is isometric to 
Lp. From the fact that (x,) is a monotone basis for X it is easy to deduce that T\x is a compact operator. □ 



Note that Lemma [32] immediately implies that for every complemented subspace Y of Lp, Y ^ Lp, there exists a 
complemented subspace X c Y, X ^ Lp, such that T\x is compact. The following lemma, which is also an immediate 
consequence of Lemma |3.6| and Theorem |3.4| will be used in the sequel. 

Lemma 3.7. Let T e £,{Lp), \ < p < 2, be an Lp-strictly singular operator. Then for any X c Lp, X ^ Lp and e > 
there exists Y Q X, Y ^ Lp such that \\T\y\\ < s. 

Proof. Again, this result immediately follows from Lemma l376l and Theorem 13.41 A L^-strictly singular operator 
cannot be a sign embedding (Theorem l3.4l i and then we use the construction in Lemma l376l From the fact that (jc,) is 
a monotone basis for X it follows that ||r|x|| < e. □ 

Remark 3.8. Clearly the proof we have for Lemma UTA depends heavily on Theorem \3.4\ which is the deepest result of 
this paper We do not know if an analogue of Lemma \3 .7\ holds for 2 < p < 00. 



Proof of Theorem U .3\ in the case ofLp, I < p < 2. This is a direct consequence of Theorem |3.4| and Lemma IT6] First 
we find a complemented subspace X' c Y, X' ^ Lp. Now we observe that an L^-strictly singular operator cannot be a 
sign embedding operator (Theorem 13 .4) and then we use Lemma U!6] for X' to find a complemented subspace X c X', 
X ^ Lp, such that Tix is a compact operator □ 
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3.2 Operators that preserve a copy of Lp 



Definition 3.9. For T : Lp ^ Lp andX c Lp define the following two quantities: 

inf iir^ll (3) 

g{T,X)^ sup fiT,Y). (4) 
YQX 
Y^Lp 



Clearly f(T,X) does not decrease and g(T,X) does not increase if we pass to subspaces. For an arbitrary subspace 
Z c Lp, Z ^ Lp note the following two (equivalent) basic facts: 



• T\z' is an isomorphism for some Z' (Z Z, Z' ^ Lp if and only if g(T, Z) > 

• T\z is Lp-strictly singular if and only if g{T, Z) - Q 

Proposition 3.10. Let S : Lp ^ Lp, \ < p < 2, be an Lp-strictly singular operator and let Z be a subspace of Lp 
which is also isomorphic to Lp. Then for every operator T € -C(Lp) we have g(T + S,Z) - g(T, Z). 



Proof. If T\z is Lp-strictly singular then {T + S)\z is also L^-strictly singular hence g{T,Z) - g(T + S,Z) — 0. For 
the rest of the proof we consider the case where there exists Z' c Z, Z' ^ Lp such that T\z' is an isomorphism hence 
g(T,Z)>0. 

Let < e < g(T,Z)/4 and let F c Z, F ^ Lp be such that g(T,Z) - e < f(T, Y). Using Lemma[3J]we find Yi c Y, 
Yi ^ Lp such that \\S\Y^ \\ < s. Now 

giT + S,Z)> f(T + S, Yi) > f{T, Fi) - e > f{T, Y)-e> g(T,Z) - 2s 

hence g(T + S,Z) > g(T, Z) - 2s. Switching the roles of T and T + S (apply the previous argument for T + S and -S ) 
gives us g{T, Z) > g{T + S,Z) -2s and since s was arbitrary small we conclude that g(T + S,Z) = g(T, Z). □ 

Lemma 3.11. Let X and Y be two subspaces of Lp, I < p < 2, such that X ^ Y ^ Lp. Then there exist subspaces 
Xi Q X, Yi Q Y such that Xi ^ Yi ^ Lp, d{X\, Fi) > 0, and X\ + Fi is complemented subspace of Lp. Moreover, X\ 
and Y\ can be chosen in such a way that there exists projection onto X\ + Y\ with norm depending only on p. 



Proof. Without loss of generality, by passing to a subspace if necessary, we may assume that X ^ Y ^ Lp are two 
complemented subspaces of Lp. Our first step is to find two subspaces Xi cX and Fi c F which are isomorphic to Lp 
and d(XuYi) > 0. 



Let P: Lp ^ X and Q: Lp ^ Y he two onto projections. We consider two cases for the operator Qix : X ^ Y: 



Case 1. Q\x is L^-strictly singular. Fix 6 > 0. Using Lemma [3^ we find Xi Q X,Xi ^ Li such that \\Q\Xi W < S. We are 
going to show that d(Xi , F) > 0. 

1 1 

Let X € Sxi and y e F be arbitrary. If \\y\\ i [2 > ^1 then clearly ||x - y\\ > —. If not, then 

,, „ ^ 116-^ - Qy\\ \\Qx-y\\ ^ \\y\\-\\Qx\\ ^ 1 i 

X - y > = > > ( 0). 

iiGii iieii iieii iieii 2 

Since x and y were arbitrary we conclude that d{Xi , F) > (here we take Fi = F). 



Case 2. Q\x is not Lp-strictly singular. Fix 6 > 0. Then using Theorem l3.4l we find X' Q X such that X' is isomorphic 
to Lp and AQ\x' is a Kp isomorphism for some A > 0. Without loss of generality we may assume that X' = Lp(v) for 
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some non-atomic measure v. Now we find two disjoint, v-measurable sets A and B with positive measure and denote 
Xi - Lp(A) c Lp(v), X2 - Lp(B) c Lp(v), and Yi - QX2. Cleai'ly d(Xi,X2) - 1 and we are going to show that 
d(,XuQX2)>0. 



Let X e 5x, and y = AQz e QX2. Then 

_ WQx-QzW ^ UQx-AQzW ^ \\x-z\\ ^ 1 
^ " lieil ^lieil " KpAWQW - KpAWQW 

Having Xi and Yi from our first step, without loss of generahty (by passing to a subspace if necessary) we may assume 
that Xi and Fi are Kp complemented in Lp and Kp isomorphic to Lp and, for simplicity of notation, we will use X and 
Y instead of Xi and Yi . 

Let P: Lp X and Q: Lp ^ Y he two onto projections of norm Kp. It is easy to see that (/ - Q)\x is not a Lp-strictly 
singular operator If we assume that this is not the case, fix 5 > and using Lemma [3^ we find X' c X, X' ^ Lp, 
such that 11(7 - Q)\x'\\ < 3- But then for x' e Sx' and Qx' E 7 we have \\x' - Qx'\\ < 5 which is a contradiction with 
d(X, F) > since 6 was arbitrary. Similarly, we show that (7 - P)\y is not a Ly,-strictly singular operator 

Fix e > 0. Let Xi <z X, X\ ^ Lp, be such that (7 - is an isomorphism and some multiple of (7 - is 
a Kp isomorphism. By Theorem 13 .41 there exists a Kp complemented subspace X2 <^ {I - Q)iXi) which is also Kp 
isomorphic to Lp. Denote X' - ((7 - 2)1x2) '(^2)- Now X' ^ Lp and it is easy to see that X' is complemented in Lp 
(via the projection ((7 - 2)1x2) '^'x,(^ - Q) of norm at most Kp, where fx2 is a projection of norm Kp onto X2). 



Similarly, we find Y' c Y such that Y' is Kp isomorphic to Lp, Kp complemented in Lp, and (I-P)\y' is an isomorphism. 

Let Ri and R2 be projections onto (7- Q)X' and {I-P)Y', respectively, of norm at most Kp. Denote by V-i : {I-Q)X' 
X' the inverse map of (7 - 2)|x' : X' ^ {I - Q)X' and, similarly, denote by V2 '■ {I - P)Y' —> Y' the inverse map of 
{1-P\y' ■ Y' (I-P)Y'. Then a basic algebraic computation shows that Pyi7?i(7- 2) + 2V27J2(7-7') is aprojection 
onto X' + Y' of norm at most 2Kp which finishes the proof. □ 

Lemma 3.12. Let T e -C(Lp), I < p < 2, and assume that for every X c Lp, X ^ Lp, there exists a subspace Xi c X, 
Xi ^ Lp, and a constant A — A(Xi) such that T\x, — AIx, + S where S |x, is an Lp-strictly singular operator Then there 
exists a constant A and an Lp-strictly singular operator S, depending only on T, such that T - AI + S. 



Proof. Let X and Y be arbitrary subspaces of Lp which are also isomorphic to Lp and let Xi c X and Yi c F be 
the subspaces from the statement of the lemma. We will show that A{Xi) - A(Yi). Without loss of generality, using 
Lemma [3.11l we can assume that Xi HYi = (0) and Xi + Fi is a closed and complemented subspace of Lp. Let 

T\x, = '^ih, + Si , T\Y^ = A2IY, +82- 

Let t: Xi ^ Fi be an isomorphism and define Z = {x + t(jic) | x e Xi ). 

T\z — T(x + Tx) — Aix + A2TX + S ix + S2TX. (5) 

The operator S : Z Lp defined hy S(x + tx) = 5 ix + 52Tx is Lp-strictly singular as a sum of two such operators. 
From the assumption of the lemma, there exist Zi c Z and /I3 E C such that Zi ^ Lp and 

Tiz, =^3/z, +53 (6) 

where 5 3 is Lp-strictly singular. From (|5} and (|6) we obtain that the operator T\: Z ^ Lp defined by Ti{x -1- tx) - 
A\x-i- A2TX — A-},(x-\- tx) is also Lp-strictly singular on Z\ , i.e T\ |z, is Lp strictly singular The last conclusion is possible 
if and only if A\ - A2 - /I3. In fact, if we assume that A\ + /I3, then, the operator T\ will be an isomorphism on Z 
because for every x E 5x, we will have 



||ri(x + Tx)|| = 1^1-^31 



A2 - /I3 

X H TX 

Ay - /I3 



> |ii - AT,\d{X^, Fi)||x|| > ,^t d{Xy, Fi)||x + Tx||. 

1 + T 
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Let A - A(Xi) for every subspace Xi as in the statement of the lemma. Now it easily follows that AI -T is L^-strictly 
singular. Indeed, if we assume otherwise, then there exists a subspace Z c Lp, Z ^ Lp such that {AI - T)\z is an 
isomorphism. But according to the assumptions of the lemma, there exists Z\ (Z Z, Z ^ Lp such that (AI - T)\Zt is 
Lp-strictly singular which contradicts the fact that (AI - T)\z is an isomorphism. This finishes the proof. □ 

An immediate corollary of Lemma D. 12 l is that for an operator T e £.(Lp), 1 < p < oo, not of the form AI + S , where S 
is an Lp-strictly singular operator, there exists a complemented subspace X c Lp, X ^ Lp such that (T - /l/)|x preserves 
a copy of Lp for every A eC, and this is in fact what we are going to use in the sequel. 

Lemma 3.13. Let T e £XLp), I < p < 2, and assume that for every X c Lp, X ^ Lp, and every e > there 
exist Xi <z X, Xi ^ Lp, and A — A(Xi) such that g(AI - T,Xi) < e. Then for every s > there exists Ae such that 
g(AeI — T, Lp) < DpS where Dp is a constant depending only on p. 

Proof. From the assumption in the statement of the lemma, without loss of generality we may assume that for every 
X c Lp, X ^ Lp, and every s > there exist X\ d X, Xi ^ Lp, and A - A(X\) such that g(AI - T,X[) < s and 
(AI - r)|x, is an isomorphism. If g(AI - T,Xi) > this can be achieved by passing to a subspace Yi of Xi for which 
f(AI-T, Yi)>0. 

If g(AI - T,Xi) = for each Xi c X, Xi ^ Lp, using the fact that g is a continuous function of A, we find Aq such that 
< g(AoI -T,X)<s and then find Xi c X, Xi ^ Lp such that f(AIo -T,Xi)>0. 

Fix an e > and let Yi and Y2 be any two subspaces of Lp such that Yi ^ Y2 - Lp. From our assumptions, there 
exist complemented subspaces FJ, I'j ^^^^ '^^at Y'. c y,-, Y'. ^ Lp, and g(A(Y'.)I - T, Y'.) < s for ; = 1,2 and without 
loss of generality, using Theorem 13 .41 and passing to a subspace if necessary, we may assume that Y[ and Y'^ are Kp 
complemented in Lp and ({A(Y'.)I -T)\y[ is a TSTp-isomorphism for / = 1,2. Then we apply Lemma [3.11l to get subspaces 
X\ , X2 such that 

• Xi c y;, Xi ^Lp for i^ 1,2 
. Xi n X2 = {0} 

• Xi and X2 are dp complemented and dp isomorphic to Lp via A(Y[)I - T and /^(Fp/ - T, respectively, for some 
constant dp depending only on p (this follows from Lemma [3. 11 1 and our choice of Y[ and Fj) 

• Xi + X2 is closed and complemented subspace of Lp and there exists a projection onto Xi + X2 with norm 
depending only on p 



Since Xi Q Y'., i - 1, 2, we have g(A(Y'.)I - T, Xi) < e for i - 1,2 which in view of our choice of Xi and X2 implies 

max(||(i(F;)/ - Dix, ||, \\(A(Y!,)I - T)^x3 < dpS. (7) 
Our goal is to show that \A(Y'^ - ^(Fpi < CpS for some constant Cp independent of FJ and Y^. 

Let r: Xi X2 be an isomorphism such that ||t|| < d^ and ||t"'|| = 1. Define 

Z - {x + Tx \ x e Xi). 

By assumption, there exists Z' Q Z, Z' ^ Lp, and A(Z') such that < g(A(Z')I - T,Z') < s and A(Z')I - 7" is an 
isomorphism on Z' (like the argument in the beginning of the proof). Using Theorem 13. 41 we find Z" c Z' such that 
Z" is Kp isomorphic to Lp via A(Z')I - T (clearly g(A(Z')I - T,Z") < s). Let U - A(Z')I - T and define an operator 
S : Z' Lp hy S (x + tx) = A(Y[)x + A(Y2)tx -Tx - Ttx. A simple application of the triangle inequaUty combined 
with (|7]i implies 

\\S(x + Tx)\\<dle(\\x\\ + \\Tx\\). (8) 

From our choice of Z" we also have 

\\A(Z')(x + tx) - T(x + Tx)\\ < Kpe(\\x\\ + \\tx\\) (9) 
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and combining (O and (|9|l gives us 

\\(U - S)(x + Tx)\\ < {Kp + dl)s{\\x\\ + \\Tx\\) < (K„ + dl){\ + dl)a\\x\\. (10) 

On the other hand 



\\(U - S){x + Tx)\\ = IIW(Z') - A{Y[))x + {AiZ') - A{Y'^)Tx\\ > A„mZ') - A{Y[)\\\x\\ + \X{Z') - A{Y'^Wtx\\ 
> Ap{\A(Z') - A(Y[)\ + \A(Z') - A(Y^)\)\\x\\) > Ap\A(Y^) - A(Y[)\\\x\\ 



(11) 



(Ap depends on dp, Kp and the norm of the projection onto X\ + X2 which also depends on p only). Combining 
dii and ^ we get \A(Y[) - A(Y^)\ < !:5£l^^2l!!zl.s. Now we define A^ = A{Y[) and it is not hard to check that 

g(AJ - T, Lp) < (1 + — -)s. □ 

Remark 3.14. Let \ < p < 00. Suppose that there exists a sequence of numbers {/li)J^i such that g(A„I — T, Lp) > 0. 

Then there exists A such that g(AI — T, Lp) — 0. This is easy to see by noticing that g(AI — T, Lp) is bounded away from 
for large A, so without loss of generality we can assume that the A„ > A. Then, if g(AI — T, Lp) — 46 > 0, there 

exists Y c Lp, Y ^ Lp, such that f(AI — T,Y)> 26. Now if\A—ij\ < 6, then f(p.I — T,Y)>6 and hence gijil — T, Lp) > 6 
which contradicts our original assumption about the sequence [Ai}f^^. 



From the last remark it trivially follows that if J € X,{Lp), I < p < 00, is such that AI - T preserves a copy of Lp for 
every A, then inf g(AI - T, Lp) > 0. 

A 

Lemma 3.15. Let T e -C(Lp), I < p < 2, and assume that AI — T preserves a copy of Lp for every A e C. Then 
there exists b > and a subspace X C Lp, X ^ Lp, such that for every X Q X, X — Lp , and every A & C we have 
g(AI-T,X')>s. 



Proof. The proof is a straightforward from Lemma 13.13 l and the last remark. 



The next result of this section is a reduction lemma that will help us later. 

Lemma 3.16. Let T,P e XXLp), I < p < 00, be such that P is a projection satisfying PLp ^ Lp and (I — P)TP is an 
isomorphism on a subspace X C Lp, X ^ Lp. Then there exists Z <Z X such that Z ^ TZ ^ Lp, d(TZ,Z) > 0, and 
Z + TZ is a subspace isomorphic to Lp and complemented in Lp. 



Proof. Without loss of generality we may assume that X c PLp since (/ - P)T is an isomorphism on PX and PX ^ 
(/ - P)TPX ^ X ^ Lp. Also without loss of generahty, by passing to a subspace if necessary, we may assume that X 
is complemented in Lp. 

First we show that the conclusion of the lemma holds for Ti = 2li7ii^ ^- Clearly Ti satisfies the assumptions of 
the lemma with the same subspace X as in the statement. Since Ti is an onto isomorphism, TiX is a complemented 
subspace of Lp from which it is clear that X + T^X - TiX is complemented. 
To prove diX, TiX) > let jc e 5x and y e X. Then 

„ ^ „ ^ \\(I-P)(x-Tiy)\\ ||(/-P)riy|| \\(I-P)TiPy\\ ^ - 



\\i-p\\ \\i-p\\ \\i-p\\ -\\i-p\r" 

where c is such that ||(/ - P)TiPx\\ > c\\x\\ for all x e X. If \\Tiy\\ < 1/2 then \\x - Tiy\\ > 1/2. Otherwise we have 
llyll > 2pYii and hence ||x - Tiy\\ > 2\\i-p\\\\t,\\ ■ From these estimates we can conclude that 

diX, TiX) > maxf i J > 0. (12) 



V2'2||/-P||||rii,/ 

Now using Proposition 12. 1 1 for Ti and X we obtain that jJiTif^ isomorphism on X and d(:^^^TX,X) > 0, or 
equivalently, T is an isomorphism on X and d{TX, X) > 0. Finally, X+TX ^X+:^^TX ^ X+(-^^TX+I)X = X+TiX 
hence X + TX is complemented. □ 
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Proof of Theorem U .2\ for Lp, I < p < 2 . In view of Lemma [3.12l we can apply Lemma [3.15l for T and let X and e be 
the one from Lemma l3.15l Without loss of generality we may assume that X is complemented (otherwise we may pass 
to a complemented subspace). Let V be an isomorphism from Lp into Lp such that VLp = X. 
Fix 5 > to be chosen later We will build sequences ty,}J!^i in X, and {a,}"; and in Lp such that: 

1. and {bi}°l^ are block bases of {/jq.o) U {hnj}'^^Q such that if we denote cr/ - suppfa,) U suppl^?,}, where 

the support is with respect to the Haar basis, then {o",)J^j is a disjoint sequence of subsets of {/io,o} U {hn,i]'^^(, fli 

2- {j/li^i is equivalent to the Haar basis for Lp 

3. Wyi - < §\\yi\\ and ||ry,- - bi\\ < §\\Tyi\\ for all 1 < / < cx,. 

The construction of these sequences is similar the construction of Lemma 13.111 and we sketch it below for complete- 
ness. As before, by P(k,s) we denote the projection onto the linear span of {/^n./lj^^j-^lp 

Letyi = There exists «i such that - P(i,„oy\\\ < f lljill and \\Tyi - P(i,„,)Tyi\\ < ^\\Tyi\\. Let oi = P{\,„,)yi 

and bi - P(i^„^)Tyi. Denote A| = {x : V'^yi(x) - 1} and Aj" - {x : V'^yi(x) - -1). Let {Zi}Zi be the Rademacher 
sequence on A| and {zjlj^i be the Rademacher sequence on Aj^. Using the fact that the Rademacher sequence is weakly 
null, we find / such that 



Define y2 = Szi, B = Sz', and find 112 such that Wyt - P(„,,„2)yk\\ < f Ibtll and \\Tyk - P(„,,n2)Tyk\\ < ^WTykW for k = 2,3. 
As before, let Uk = P{nun2)yk and bk = P(„,,„2)Tyk for k^2,3. 

Continuing this way, we build the other elements of the sequences {yi]'^^, {ai]°li and {bi]°l^. From the construction it is 
clear that {(suppy, U supp Tyi)]°l-^ are essentially disjoint. If we denote Y = spanly,- : / = 1, 2, . . .} we have that F is a 
complemented subspace of Lp which is also isomorphic to Lp. To see this it is enough to notice that V ' F is isometric 
to Lp (since it is spanned by a sequence which is isometrically equivalent to the Haar basis) and hence complemented 
in Lp. One projection onto Y is given by Py = VPy-'yV^ Px- From now on, without loss of generality we assume that 
X = Y (since we can pass to a subspace in the beginning if necessary). 

As in the argument in Lemma 13.111 using the principle of small perturbations, it is easy to see that the subspace 
A = span{fl, : / = 1,2, . . .} is complemented. A projection onto A is given by P'^ - GPyG^^ where G e -C{Lp) is 
defined by 



Using Proposition |3 . 31 we find a projection Pa onto A that respect supports. Let S : A — > Lp be the operator defined by 



and note that SA- Y(= X) and ||/ - 5 1| < 46. Let also 5 ' : A — > be the operator defined by S 'a, = Tai - bi and let 
T' - T - S'Pa- It follows easily that ||5'|| < Ci5||r||, where C depends only on p, since 



First we show that (/ - Pa)T'Pa preserves a copy of Lp. 

If not, we have that (/ - Pa)T'Pa is Lp-strictly singular and hence PaT'Pa preserves a copy of Lp (otherwise T'^^ will 
be Lp-strictly singular which is false). We also have the inequality g{PAT'PA,A) > e/2. In order to show it we need to 



\\Sz,-P(„„o.)Sz,\\<-^\\Sz,\\ 
10 

\\TSz,-Pi,n,,c.)TSzi\\<-^\\TSz,\\ 

\\Sz;-P(„„o.)Sz'i\\<-^\\Sz',\\ 
\\TSz',-P^„„^^TSz',\\<^\\TSz',\\. 





WS'aiW = \\Tai - bill = \\T{ai-yi) + Ty^ - bi\\ < 



26\\T\\\\yi\\ 
2' 
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e 

go back to the definitions of /(■, ■) and g(-, •)• Fix A' Q A and A e C. We shall show that g(AI + T ,A) > —. We may 
assume that \A\ < \\T'\\ + l(otherwise f(AI - T',A') > 1). Let x e Sa' be arbitrary. 

11(^7 - T')x\\ > \\(AI - T')Sx\\ - \\(AI - T')(x - S x)\\ > \\(AI - T)Sx\\ - \\S'PaSx\\ - \\(AI - T')(x - Sx)\\ 
> (1 - 46)f({AI - T),A') - C6\\T\\\\Pa\\{1 + 45) - 4(2||r'|| + 1)6. 

Taking infimum over the left side we obtain f((AI - T'),A') > f((AI - T),A')/2 for sufficiently small 6 and hence 
g{AI -T',A') > e/2 for every A e C. Using the fact that (/ - Pa)TPa is an Lp-strictly singular operator and Proposition 
13. 101 we obtain 

g{PAT'PA,A)+g({I-PA)rPA,A)^g{rPA,A) > |. 

Let PaT'oi - AiOj (we can do that since Pa respect supports). Till the end of this proof it will be convenient to 

switch the enumeration of the to {fl„,,j,'^Q , which is actually how we constructed them. For each n, using the 

e2" s 
pigeon-hole principle, we can find a set cr(«) with cardinality at least ^^^^ and a number yu„ such that |yu„ - Ai\ < — 

for every / e cr(n). Clearly, there exists an infinite subset A^i c N and a number //g such that 

neNi 

Let Z = span{fl„,, : n e Ni,i e cr(«)). Using a result of Gamlen and Gaudet (see [7]), we have that Z ^ Lp and clearly 
Z is complemented in Lp . Now note that 

WiMsI - PaT')^z\\ < ^ hence g(i^J - PaT\Z) < |. (13) 

On the other hand, 

I < giMJ - T',A) = gii^J - PaT') -(I- Pa)T',A) = giiuj - PaT',A) (14) 

since (I-Pa)T^^ is L^-strictly singular. The equations (fTJt and (fT4t lead to contradiction which shows that {I-PaW Pa 

preservesacopyof Lp, sayZ'. Now - Pa)T' Pa - H - Pa)TPa\\ = \\{I-Pa)S'Pa\\ < CS\\T\\{\\Pa\\ + 1)^ hence, for 
sufficiently small 6, we have that (7 - Pa)TPa is an isomorphism on Z' and clearly d{{I - P a)TPaZ' ,Z') > 0. In view 
of Lemma D.16| this finishes the proof. □ 



4 Operators on Li 



Recall that we have already proved Theorem 1 1.3 1 in the case of Li. The proof in this case does not involve anything 
new and can be done only using the ideas found in l,12J . which we have already mentioned. 

Now we switch attention to the operators not of the form AI + K where A €C and K is in AIli ■ Our investigation will 
rely on the representation Kalton gave for a general operator on Li in f9\, but again Rosenthal's paper 1 12] is a better 
reference for us. Before we state Kalton's representation we need a few definitions. 

Definition 4.1. An operator T . Li ^ L\ is called an atom ifT maps disjoint functions to disjoint functions. That is, 
ifjj(snppf n suppg) = then yu(supp Tf n supp Tg) - 0. 



Unlike the notation for I < p < oo, here supp refers to the support with respect to the interval [0, 1]. A simple 
characterization of the atoms is given by the following known structural result. 

Proposition 4.2 (1112' Proposition 1.3]). An operator T : L\ ^ Li is an atom if and only if there exist measurable 
functions a : (0, 1) ^ R and cr ; (0, 1) ^ (0, 1) with T f(x) - a(x) f(crx) a.e. for all f e. L\. 



In ||T21 the following definition is given: 
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Definition 4.3. Let T : L\ L\ be a given operator. 

(a) Say that T has atomic part if there exists a non-zero atom A : L\ ^ Li with < A < 

(b) Say that T is purely continuous ifT has no atomic part. 

(c) Say that T is purely atomic ifT is a strong {\-sum of atoms. 



The condition (c) in the preceding definition simply means that there is a sequence of atoms from Li to Li and 

Kk^so that for all / e Lj , 2 < K\\f\\ and Tf^Y. Tjf. 

Here is Kalton's representation theorem for operators on Li the way it is stated in lfT2l . 

Tlieorem 4.4. Let T . L\ L\ be a given operator There are unique operators Ta,Tc G JliLi) so that Ta is purely 
atomic, Tc is purely continuous, and T — Ta + T^. Moreover, there exists a sequence of atoms [TjY°_^ so that Ta is a 
strong £\-sum of[TjY°^^ and the following four conditions hold 



1- ZT=i ^ WTaWWfW 

2. (Tif)(x) — fl,(x)/(cr,x) a.e. where a,- : (0, 1) ^ R are measurable functions, and cri : (0, 1) — > (0, 1) 

3. For all i + j, cr,(x) ^ crj(x) a.e. 

4. \aj{x)\ > \aj+\{x)\ a.e. 



Note that if £ is a set of positive measure such that aj{x) + a.e on E, then p(o-j(E)) > 0. Indeed, let F c £ be such 
that |flj(x)| > a > for every x e F. Now Tjl,j (f, - Ifaj implies that ||rjlo-,(/r)|| > hence iu{crj(F)) > 0. The 
power of Kalton's representation theorem is that it reduces many problems about operators on L[ to measure theoretic 
considerations. This is illustrated in the proof of the following proposition. 

Proposition 4.5. Let T € -C(Li) be a non-zero atom such that T + for any /I e C. Then there exists a subspace 
Y G Li such that Y = Li, d(Y, TY) > 0, and Y + TY is complemented in Ly. 



Proof. By the definition of atom we have that (Tf )(x) — a(x)f(o-x) for some a and cr. We consider two possibilities 
depending on cr. 

1. If cr = id a.e on (0, 1) then a(x) ^ const a.e (otherwise T - AI for some A). Then we find two different numbers 
Ai,A2 and a positive number 6 such that 



. 1^1-^21 > 36 

• There are closed sets A,- = {x : \a(x) - A,] < 6] so that //(A,) > for / = 1,2 



To see this we can consider a good enough approximation of a(x) with a step function and without loss of generality 
we may assume that Ai + -1. Note also that we can choose 6 as small as we want (independent of A\ and At) which 
choice we leave for later Clearly, Ai n A2 = and, since they are closed, by shrinking 6 we can assume that they are 
at a distance of at least d apart. From our choice of A,-, / = 1 , 2, we also have 

ll(r/-^,/)iA,,||<5||/iA,ll ,/= 1,2. 

Let S : Li(Ai) LxiJ^i) be an isometry and define 

Z = {/i +5/1 :/i eLi(Ai)}. 
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Since ||/i + = 2||/i|| we immediately have that Z = L\. To show that c/(Z, TZ) > assume that \\T{g + Sg)\\ - 1 
for some g € Li(Ai). Then for arbitrary / e Li(Ai) we have 

11/ + Sf-Tg- TSgW = 11/ + Sf-ag- aSgW = \\f - ag\\ + \\S f - aSg\\ 

= 11/ - Aig + (Ai - a)g\\ + 115/ - A2Sg + (A2 - a)Sg\\ 

> 11/ - MgW - \Ui - a)g\\ + 115/ - A2Sg\\ - \\(A2 - a)Sg\\ 

> 11/ - MgW + 11/ - A2g\\ - 6\\g\\ - 6\\Sg\\ > \Ai - A2\\\g\\ - 26\\g\\ > ~^'' ||g||. 
Now we observe that \\T(g + S g)\\ = 1 implies \\g\\ > hence 

d(TZ,Z)^ inf \[f + Sf-Tg-TSg\\>^-^^^. 

\\T(g + Sg)\\ = l 6||r|| 

f,geLi(Ai) 

Define T\f{x) = /ii/(x)lA|(x) + /l2/(x)lA2W andlet/T - T -T\. Denote by fi the natural, norm one, projection from 
L\ onto Li(Ai) and let P - P\ + j^SPi. It is easy to see that P is an idempotent operator since P\SPi = 0. To see 
that P is a projection onto Z + T\Z note that 

Pf = Pif + ^^SPif = -^((^1 + l)Pif + (h + l)SPif) = T^^^i/ + ^^1/ + ^iPif + ^iSPif) eZ + TiZ 

Now we observe that Z + TZ = Z + {T[ + K)Z and use the fact that \\K\z\\ < 6to conclude that for sufficiently small 6, 
Proposition 12 . 21 guarantees that the subspace Z + TZ is complemented. 

2. If cr 9i id a.e on (0, 1) let A ^ [x \ cr{x) = x} and denote A' = (0, 1)\A and B ^ A' r^[x\ a(x) + 0}. We have two 
cases depending on 11(B). 



Case 1. ii{E) > 

In this case we show that there exists A c B such that //(A n cr( A)) = 0. Denotea^^ = {x : \x-cr(x)\ > j]<~^B. Obviously 
U^jajt - {x : \x - o-{x)\ > 0} n B = B and the latter set has positive measure by assumption, hence there exists ^0 for 
which i^iaicf,) > 0. Now 

2kB-l I 

SO there exists mq such that if we denote /3 - akgH ^|^] then //(j6) > 0. From the way we defined j3 it is evident that 
B n cr(B) = because diamOS) < J- and \x - cr(x)\ > 4- for every x eB.lt is also clear that d{L\{B), TL\{B)) - 1 since 
Li(J3) and TLi(J3) have disjoint supports. The fact that Li(j6) + TLiiJI) is complemented in Li follows from the facts 
that Li(P) is norm-one complemented, T is an isomorphism (hence TL[(J3) is complemented), and L[(J3) and TLi(J3) 
have disjoint supports. 



n « + 1 \ 
2fco' 2ko /' 



Case 2. jt/(B) = 0. 

In this case we have fi(A) > (otherwise T will be a zero atom). There are two sub-cases: 



• If a(x) + const a.e on A. 

Then we proceed as in the case cr = id a.e on (0, 1) but we consider A instead of (0, 1). 

• If fl(x) = const = A a.e on A. 

Then again we proceed as in the case cr = id a.e on (0, 1) considering A\ - A and A2 - 0. We can do this since 
ii(A') > 0. 



□ 

Remark 4.6. Note that Proposition \4~5\ is also valid when considering operators T : Li(vi) — » Li(v2) where vi and 
V2 are two non-atomic measures on some sub cr-algebra on (0, 1) and this is in fact how we are going to use it. 
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Now we proceed to the proof of Theorem II. 2 l in the case p - I. 



Proof of Theorem \1.2\ in the case L\. First, using Lemma 13.151 we find £ > and a subspace X Q L\ such that for 
every X' Q X, X' - L\, and every /I € C we have g{AI - T,X') > s. Then consider a similarity S on Li such that 
SX = ii(A) where A can be any nonempty open interval. For T' - STS^^ we have g{AI - T',X') > b' for every 
X' Q S X = Li (A) where s' = |js]ii§^- clear that it is enough to prove the theorem for T' so without loss of 
generality we may assume that T' -T and s - s' . 

Let T - Ta + Tc he the Kalton representation for T and fix 6. First, we use Rosenthal's remark before Lemma 2.1 
in lfT2l to find an atom V and set Ai c A such that ~ ^ J^- Since completely continuous operators are 

not sign embeddings, we apply ||T21 Lemma 3.1] to find a norm one complemented subspace X' c Li(Ai) such that 
X' = L\ and ||r(.|;f,|| < — . From our choice of X' it follows that 

g{AI - V, X") > I for every ^ e C and every X" c X', X" ^ Lj . 

From the last inequality it is clear that V : X' ^ Li is a non-zero atom and V\x' + AI. Now Proposition |43] gives us 
the desired result. □ 
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5 Appendix 



Before we start with the proof of Theorem I3.4l we recall some of the notation we previously used and note some of 
the properties of S (x), the square function defined with respect to the Haar basis (for a general definition of S (x) see 
Definition l3.2b . 

Recall that unless otherwise noted, Lj, denotes Lp{[Q, where jj is the Lebesgue measure. The unconditional basis 
constant of the usual Haar basis {/j,!,,)JJ1o ^"i in Lp, 1 < < oo, is denoted by Cp. Recall also that {'"n),^o '-^^ 
Rademacher sequence on [0, 1] (defined by r„ - h„j). 

Denote by £„ the finite algebra generated by the dyadic intervals [(; - 1)2 /2 "], i - 1 , 2, ... 2", and by £, the union 
of all these algebras. It is clear that the algebra &„ is generated by the supports of {(/in,i)!^Ii- 



If / and g are functions in Lp which have disjoint supports with respect to the Haar basis, then it is obvious that 
S^(f + g) - S^if) + S^ig). This will be used numerous times. Let {jC/tl^i ^ sequence of functions in Lp, I < p < 
oo, which are disjointly supported with respect to the Haar basis. Using the unconditionality of the Haar basis and 
Khintchine's inequality we obtain 



(15) 



where Ap is the constant from Khintchine's inequality. If x^ - 2, aiijh„^., k - 1,2,... are disjointly supported vectors 
with respect to the Haar basis, using (fT5t for {akjh„i^.]k.i we obtain 



OO 






oo 


1 


Up 




oo 


P \ 


i/p 




f oo \ 


1 
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If 

Jo 
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^ n{u)xk 


du 


^p 
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^ n(u)xk 


du 




> Cp'Ap 






A=l 


p 


A=l 


p ) 








) 




p 







oo 






r 




^ Cp'Ap 






k=l 


p 


{^^> \k=l ) 





In a similar manner 



k=\ 



Xk 



^ CpBp 



^1 / oo 



S\x,) 



(16) 



(17) 



From the last two inequalities it follows that the norm | 
Now we proceed to the main theorem of this section. 



||5(-)llyj is equivalent to the usual norm in Lp, \ < p < oa. 



Theorem 13.41 For each I < p < 2 there is a constant Kp such that ifT is a sign embedding operator from Lp[0, 1] 
into Lp[0, 1 ] ( and in particular if it is an isomorphism ), then there is a Kp complemented subspace XofLp[0, 1 ] which 
is Kp-isomorphic to Lp[0, 1] and such that some multiple ofT\x is a Kp-isomorphism and T(X) is Kp complemented in 
Lp. 

Moreover, if we consider Lp[0, 1] with the norm \\\x\\\p — \\S(x)\\p (with S being the square function with respect to the 
Haar system) then, for each s > 0, there is a subspace X ofLp[0, 1] which is (1 + s)-isomorphic to Lp[Q, 1] and such 
that some multiple ofT\x is a {\ + e)-isomorphism (andX and TiX) are Kp complemented in Lp). 



Proof of Theorem \3.4\ : Let T be as in the statement of the theorem. Without loss of generality (see e.g. Lemma 9.10 
in im and note that only the boundedness of T is used) {Th„ j] is a block basis of {/!„,,}^y ^^j. For E e £„ put 



v„(E) = S 



h„iQE 



where /j„,, c £ is a shorthand notation for supp(hn4) c E. Put also v„ = v„([0, 1]) - SiJ^^^i Th„j) = S(Tr„). 
Claim 5.1. The convex hull of{v^] is p /2-equi-integrable; i.e., the set 

is equi-integrable. 



16 



Proof. The proof is a refinement of the argument on page 265 of ||8]. Since the convex hull of any finite set in is 
/:i/2-equi-integrable, it follows that if the convex hull of [v^] is not /7/2-equi-integrable then there are bq > 0, successive 
subsets cr,„ c N, and disjoint subsets {Am]'^^^ of [0, 1] such that for - Yjnea-,„ where Yjnea-„, (^l - ^ for all m, 
we have 

w'J > so. (18) 

Using (fTSI l and (fTSl l (the estimate in (fTSI l we can use since {Tr,,} are disjointly supported with respect to the Haar 
basis), for all {flmlj^^i £ £2 we have 

(Zm=l ^iy^ = II 2m=l «m I^«e<r„, a«''nll2 > II Zm=l 2ne<r,„ a«''nllp > 11?^' || Zm=\ «m Snetr^ 0:„T r„\\p 

= iirir'c^-'A,(X'(i::=i «i2:„e.,„ akw^" = wvc-'a,^^(^z-x ^Wj^'y" 

> \\T\\-'C-p'Ap(Zr„=i laj" J^^_ <y'P > \\T\\-'C-p'Apeo{ZZ=i 1^^.^'" 

which leads us to contradiction since p <2. a 

Proposition 5.2. There is an additive L^^j valued measure. A, on & and there are successive convex combinations Um(-) 
of [v^^i-)] such that for all E e &we have Um(E) — > A{E) almost surely and in Lp/2. Moreover, for any sequence e„ — > 0, 
there are measurable sets D„ C [0, 1] with IJ.{D„) > 1 - e„ and such that for all E e S and all n, u„{E)lo^ — > A(E)lo^ 
as m oo also in Li. 



I 



Proof. We start as in the proof of Lemma 6.4 in f8l: Since the set V from Claim lSTl is bounded in by a result of 
Nikishin [Hi for each e > there exists a set /) = c [0, 1] of measure larger that 1 - e such that 

sup I vd^JL < oo. 

Note that we may assume that Di/„ c Z)i/(„+i) for « = 2,3, As in the proof of |8, Lemma 6.4], using the 

weak compactness of V\d,,2 c Li, we can find successive convex combinations «,„(■) of the v^(-) such that m,„(-£')1d,,, 
converges pointwise and in Li to Ai(£')lo|,, for every E e &, where Ail/)„, is L|-valued additive measure. Now 
we can find successive convex combinations Wm(-) of the m„,(-) such that w„j(£)1di/3 converges pointwise and in Li to 
A2(£')1di/3 for every E e &, where A2IZ5,,, is L|-valued additive measure. Note that A2ID,/, = Ailo,^,. Continuing in 
this manner and taking a diagonal sequence of the sequences of successive convex combinations we get a sequence, 
which we still denote of successive convex combinations of the and a L^-valued additive measure A such that 
for every n AXo^,, is L|-valued and u„,{E)\oii„ converges, as m —> 00, pointwise and in L\ to A(£')l/5,^,^ for every 
Ee&. 



It remains to show that the convergence is also in Lp/2 (on the whole interval). Since for each E, {«„(£')} is /?/2-equi- 
integrable, it follows that, given any 5 > 0, if n is large enough j^, u„j(Ey^^ < 6 for all m. Consequently, we also have 

J^, K{E)P^^ < 5 and 

Hmsup 1 |m„(£') - ME)^'^ < limsup j \u,„(E) - A(E)\'''^ + 26 

< lim sup \\(u,n(E) - A(L))lz5j|f ^ + 26^ 26. 
Since this is true for any 6 we get the desired result. □ 



Note first that if we denote C = {CIb pA-^\\T\\)P then for all m and all L e £ we have J u„(E)p/^ < C^(E), where {«„} 
are from Proposition |52] Indeed, let m,„ - Yjkea-,,, (^m,kv\ where {crmfj^^y are successive subsets of N and {ff,,,,*: 1)^=0 kea 
is sequence of non-negative numbers such that Ziyfceo-„ Q'm.it = 1 • Then using (fT6b . (fTTb and the unconditionality of the 
Haar basis we get 

/ U„AE)P^^ = / (Siex,,, a,n,kvl{E))Pl^ = / iY^kea... am.kS^T^Hu^E Th^jW^ 

< (CpAp')P\\ i:,,^,„ alil(Zk,,^EThk,i)\\p < (CpAp'WTmi Zke.,,, (^lUiZin.cE hkMp 

< (ClBpA-/\\T\\)P\\(Zkecr,.a„,,kSHZh,,cEhj)y% < (ClBpA;,'\\T\\)P\\lE\fp = (ClBpA-/\\T\\)P^^{E) 
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This implies that for all E e S, J A(Ey^^ < Cfi(E). Now consider the linear operator T defined on the functions of 
the form / - a/lg; by Tf = fl,A(£',), where the E/S are disjoint sets in &. Then T is bounded as an operator 
from a subspace of Lp/2 to Lp/2- Indeed, 

J ir/r < J |]|fl,.|''/2A(£,)''/2<c J |]kf/V£/) = cii/|i;;^. 

Consequently, T can be extended to all of Lp/2 and then we define A(£') = TIe for all E in the Borel cr-algebra. 

Remark 5.3. Frot7i the comments above it follows that A can be extended to a V^^2''^'alued measure satisfying 

J A(Ey^^ < Cii(E) for some constant C < oo and for all E in the Borel cr-algebra. For each n, A(E)lo„ is an 
-valued measure. Note also that, since T is a sign embedding, A is not identically zero. 

Lemma 5.4. Let A be a non zero L^^^^'^^'alued measure on the Borel cr-algebra S satisfying J AiAy^^ < C/iiA) for 

some C < oo and all A e S. Then for all s > there exist a set Aq and a number c, < c < C, such that J A(Ao) > 
and 

cn(A) < J A(A)P'^ < c(l + e)fi(A) 

for all A C Aq. 



Proof Fix an e > and denote m = sup{ / A(Ay'^/fi(A) ; A e S). Let Bo e S be such that ^^^^ > Let also 

C be a maximal collection of disjoint Borel subsets of Bq of positive measure satisfying ^—^^ — < The collection 
C is necessarily countable and if we assume that Aq = Bq \ Ubgc ^ has measure then we have 

i^M^o) <jMBoy'^^J(i:BecMB)y'^ 

which is a contradiction. Therefore, Aq satisfies the conclusion of the lemma with c = a 
Lemma 5.5. Let Abe a L^pi2-valued measure and suppose that Aq is such that for all A C Ao and some constant c > 0, 

cuiA) < J A{Ay'^ < c(l + e)yu(A). 
Then for any measurable partition Ao — U"^jF/, 

r maxA(fir/2>(i+g)-W(2-rt^^(^^)>(l+g)-2/(2-rt f a(^q)W2^ 



Proof. 



Consequently, 



cpiAo) < J A(Aoy'^ = / AiFdy'^ 

< j (E"=i A(F,)^/2)p/2 inaxi<i<„ A(Fi)(i~''/2)p/2 

< ( / Zli A(Fiyl^yl\ / maxi<,<„ A(F,)''/2)(i-/'/2) 

< (1 + eyl^cPl^{n{AQ)yl^{ J maxi<,<„ A(Fiy^/2)(i-p/2)_ 

f maxA(Fi//2>^+g)-/>/(2-rtc^(^y)>(i+e)-2/(2-rt f A(Aor/2. 



Fix an e > and let Aq e S and c be as in Lemma 1531 so that for any partition Aq = U'l^^Fj, 



f 



max AiFd''^^ > (1 + ey'^^-P^cidiAo). (19) 

l<i<K 
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Approximating by a set from fi, we may assume that the set Aq satisfying fT% is in £. Let {^n./lj^o^"; be a dyadic tree 
of sets in £ with £0,1 - Aq and let 



M„ - max A(£'„ ,). 

l</<2" 



M„ is a non increasing sequence of functions in Denote by M its limit (in Lp/2 or, equivalently, almost every- 
where). Clearly, 

> (1+e)-''^'^-''''ciu(Ao). 



I- 



We now define a sequence of functions ip„ : [0,1] Aq which will play a role similar to the one played by the sequence 
with the same name in ||8] Lemma 9.8]. For each « order the set {1,2, ... ,2"] according to the order of the leftmost 
points in {£„,,■); i.e., / -< j if min{f e E„ j] < min{f € Enj}. Let (p„ : [0, 1] — > Aq be defined by <p„{t) = minjf € E„j] 
if 1 < / < 2" is the first, in the order <, such that A(£'„_,)(f) > M(f). For each t, {<^«(/)} is a non-decreasing and thus a 
converging sequence. Let (p{t) denote its limit. Notice that 

1^->(A)(0M(0 < A(A)(f) 

for every f and every A which is a union of the interiors of the E„j-s. Indeed, it is enough to prove this for A - E° . for 
some n and /. But if f e 1/3" ' (£" ^ then for k large enough Ek^^k) c £„,, (where (fk{t) is the leftmost point of Ek,i(ic)) and 

A(£„,,)(f) > A(£i,,(,))(f) > M(t). 

Fix a sequence {e„}^[, s„ — > 0, to be chosen later Consider the vector measure 

m(A) = ifiiA), r MP'-), A c Ao 

and notice that it is non-atomic and even absolutely continuous with respect to Lebesgue measure. Indeed, for A in the 
algebra generated by the E„^i-s, 



f MP'^ < f A{A)P'^ < f AiA)P'^ < Cju(A). 



The inequality clearly extends to all A E S, A c Aq. 

By Lyapunov's theorem one can find a partition of Aq into two sets, Fi j and 2, of equal m measure. For any si > 0, 
we can perturb Fij and Fi^2 slightly to get ^1,2 in the algebra generated by the E„j-s which satisfy 

KFi,i) = ju(/^i,2) = ^ju(Ao) 



and 

(1-ei) 



Now we partition each of F\ \ and Fi 2 in a similar manner and then continue the process. This way, for every positive 
sequence {e„}j^j, e„ X 0, we construct a dyadic tree {FnjY^^^)%i °f subsets of Ao such that the elements of the tree 
{^n,i)J^o?=i algebra generated by the E„ i-s, and for all n = 0, 1, . . . , / = 1, . . . , 2", we have 

ti(F„,i) = 2-V(Ao) (20) 

and 

2-"Y\(l-Bj) J MP''- < J MP'^ <2-"Y\(l+ej) J MP'^. (21) 

Define G„,; = ip-\F„j) for n = 0, 1, ... and 1, 2, ... , 2". Fix 1 - (5 = (n7=i(l - + e)"^^*^"'''. The main 

remaining ingredient in the proof of the theorem is the following claim. 
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Claim 5.6. There exist a and b, < a < b — (1 — 6) a, such that for all N and all coefficients {fln,/}^^0;^[ 



N 2" 



N 2" 



^ fl„A./)iip ^ II Z Z "".'■^('f'".')iiw2 ^ ^11^ (Zi Z ""•'■''"•'^ 



n=0 1=1 



11=0 i=l 



n=0 i=l 



Proof. We shall use the shorthand notation h„ i 2 /iai^ for supp(/i„_,) 2 supp(/iAi j). The first equality below follows by 
expressing A(F„ i) in terms of the A{Fnj)-s and changing the order of summation. We also use Lemma 1541 and ( l20b . 



\ZloI^UalA(F,,j)\fj;^ 



= /(i:]!iA(f'M.)E(,v);/v=v, 

< cii+sUA,)2-^ j i:j!i(i:(„,,w„p/.«,«'/^' 

= C(l + eUAo)\\S(ZIq Zll Clnjh^Mp- 



For the other direction we use Lemma 153] (l2ll . and the fact that A{F„j) > M on G„j - if ^{F„j). 

/(2:5!i kfnj) i:(«.o;/i„ ^ ig^.m i:(„,,);/.„,=/,„, 

> (ntid - e«))2-'" / MPi^ 2:?!i(2:(„,,);/.„p/,„., <,)"^' 

> (ntid - £«))(! + e)^cMAo)ii5(2:;)Lo yIi ««Au)iIp- 

It is clear that the claim follows with a = (11,7=1 d -£«))(! + b)--p cii{Aq). 



Now we continue as in the proof of ||8] Theorem 9.1, case \ < p < 2}. From the fact that the ||| • is equivalent to 
the usual norm in Lp, 1 < p < oo, it is enough to prove only the "moreover" part of Theorem l3.4l The fact that T{X) 
is Kp complemented in Lp will follow from [8J (The norm of the projection there depends only on the isomorphism 
constant and on p, see Lemma 9.6 and the proof of Theorem 9. 1 in the case I < p <2 there). 



Let {ySmjl^^o j=i ^ sequence of positive numbers such that Yin.iPn,i - S. Since we obtained A as a limit of successive 
convex combinations of {v'^(-)}, there exists a sequence of disjoint finite sets {cr,„j)^^Q j™j c N with a-,„j > mf[l : 
F„i j e £;} and a sequence of non-negative numbers [a,,}'^^^ such that 2„eo-,„ ^n- - . . ., j - 1,2,..., 2"', and 



^ a„vl(F,„j) - A{F,„j) 



p/2 



for all m = 0, 1, . . ., j = 1,2,..., 2™. Put u„,j - Zi«eo-,„; 



As in [8 , Theorem 9.1], we define a Gaussian Haar system by 

for all m = 0, 1, ...,./= 1, 2, ... , 2". Set X = spaiT{2:„,^,„^ a]J^ S/v.cf,,,,, h„,i]Z=oj=i Y = spaiil^,,,,,},';;^^ j:,. We first 
show that some multiple of the sequence {k„i j] is almost isometrically equivalent to the Haar basis in the norm ||| • 



For all coefficients {a„./)^^o?Ii ^^^^ 

II Y.to Zli al.(A(F„j) - u„j(F„j))fJ^l = / (Eto T^li «',,(A(^n,i) - ««,,(^«,,))F^' 

< / Zto Tlx Pn,ial ,1 A(F„,,)|''/2 (22) 

= 5ii2:loi:':i<,A(^«.)iC2 
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and using Claim |52] we immediately get 

N 2" N 2" N 1" 

fl(l -5)115(2 2 a„A,,)llp - llZZ''".'""''^^«-'^lC/2 ^ Ml +5)115(2 2 fl„Av)llp- ^^^^ 

«=0 i=l «={) /■=! n=0 1=1 

Since {r/i„_i} are disjointly supported with respect to the Haar basis, it follows that 

and now using the fact that {k„j] are disjointly supported with respect to the Haar basis we get 

A' 2" N 1" N 2" 

n=0 /=1 n=0 /=1 n=0 /=I 

Now we just have to observe that for any x e Lp ws have [[^(jic)!!^ = ||5^(jic)||j^^2 ^^'^ combining this with ( |23] ) and ( |24| ) 
gives us 

W 2" W 2" W 2" 

fl(l - (5)115(2 Z < 115 (Z Z ««A/)llp < b(i + (5)115(2 Z ««A..OII^- (25) 

n=0 ;=1 «=() i=l «=0 i=l 

The last estimate shows that some multiple of the sequence {k„j} is almost isomterically equivalent to the Haar basis 
with respect to ||| ■ \\\p. We must mention that dZSl l also implies that some multiple of T is almost an isometry on X. 
This follows from the fact S'^(Yj„ea-,„j Q''/^ Zi/i„,cF,„; h„ i) - If,,,,, hence 

N 2" N 2" 

MAo)ii5(22««-'''«''^ii?"ii^(ZZ"«''(Z Z ''-"-^^^ii^- 

«=0 1=1 n=0 /=1 »iea-„_, h,„ jQF,^ 
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